Published by Institute of Physics Publishing for SISSA/ISAS Received: February 13, 2002 Accepted: March 20, 2002

Curved BPS domain walls and RG flow in five dimensions

Gabriel Lopes Cardoso, Gianguido Dall’Agata and Dieter Lüst

Institut für Physik, Humboldt University Invalidenstraße 110, 10115 Berlin, Germany E-mail: gcardoso@physik.hu-berlin.de, dallagat@physik.hu-berlin.de,

luest@physik.hu-berlin.de

Abstract: We determine, in the context of five-dimensional N = 2 gauged supergravity with vector and hypermultiplets, the conditions under which curved (non-Ricci flat) supersymmetric domain wall solutions may exist. These curved BPS domain wall solutions may, in general, be supported by non-constant vector and hyper scalar fields. We establish our results by a careful analysis of the BPS equations as well as of the associated integrability conditions and the equations of motion. We construct an example of a curved BPS solution in a gauged supergravity model with one hypermultiplet. We also discuss the dual description of curved BPS domain walls in terms of RG flows.

Keywords: AdS/CFT Correspondence, Supergravity Models.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep032002044 /jhep032002044 .pdf

Contents

1. Introduction 1

2. Five-dimensional curved BPS domain wall solutions 3

3. Curved BPS domain walls and RG flow 8

4. An example 11

1. Introduction

According to the domain wall/QFT correspondence [1], the renormalization group flow in quantum field theories may be described in terms of a domain wall solution in dual gauged supergravity theories. An example of this is the RG flow discussed by Freedman, Gubser, Pilch and Warner [2]. This is a flow in N = 4 super-Yang-Mills theory broken to an N = 1 theory by the addition of a mass term for one of the three adjoint chiral superfields [3]. Its dual description is in terms of a supersymmetric domain wall solution in five-dimensional N = 8 gauged supergravity which interpolates between two AdS vacua. The N = 2 embedding of this UV-IR solution has been given in [4]. The supersymmetric domain wall associated to the flow of [2] is an example of a flat domain wall.

In the context of five-dimensional N = 2 gauged supergravity, the study of BPS (i.e. supersymmetric) domain walls has been mainly restricted to the case of Ricci flat solutions [4]–[14]. It is, however, natural to ask whether there also exist curved (i.e. non-Ricci flat) supersymmetric domain wall solutions. Such domain wall solutions would presumably provide a dual gravitational description of RG flows in supersymmetric field theories in a curved spacetime. Another motivation for the study of curved domain wall solutions is given by localized gravity on anti-de Sitter domain walls embedded in AdS_5 [15]–[19].

It is known [20, 21] that field theories and also string theories in spacetimes with constant AdS curvature exhibit improved infrared behaviour. In a dual domain wall description, this improved infrared behaviour should come about by turning on AdS curvature on the domain wall. In particular, since in principle one may study the N = 1 super- Yang-Mills theory of [2] in a spacetime with constant AdS curvature, one expects that it should be possible to construct a curved (non-Ricci flat) BPS domain wall solution in N = 2 gauged supergravity which would provide a dual description of the RG flow. Moreover, since curved domain wall solutions have been constructed [22] in four-dimensional N = 2 gauged supergravity, it is plausible that curved domain wall solutions also exist in five-dimensional N = 2 gauged supergravity. Thus, whereas UV divergences in fourdimensional holographic field theories are regulated by performing computations away from the boundary of AdS_5 [23], we expect that IR divergences may be regulated by turning on curvature on the dual domain wall.

– 1 –

A first step towards the construction of curved supersymmetric domain wall solutions in five dimensions was taken in [24]. There we considered five-dimensional N = 2 gauged supergravity with vector and hypermultiplets, and we analyzed the possibility of constructing curved BPS domain wall solutions which are supported by non-constant scalar fields. The construction presented in [24] is perfectly general and may be applied to curved domain walls supported by scalar fields belonging to only one type (vector or hyper) or to both types of supermultiplets. We showed that the resulting BPS equations for the warp factor and for the vector scalars are modified by the presence of a four-dimensional cosmological constant on the domain wall, extending earlier results by DeWolfe, Freedman, Gubser and Karch [25] in the context of non-supersymmetric gravitational theories in five dimensions. We also showed that the cosmological constant on the BPS domain wall must be anti-de Sitter like and that it constitutes an independent quantity, not related to any of the objects appearing in the context of very special geometry.

Related work on curved domain walls appeared in [26]. There it was argued that the integrability of the gravitini equation rules out the existence of supersymmetric domain walls with a non-vanishing cosmological constant on the wall.

Here we return to this issue and we show that curved BPS domain wall solutions may very well exist in five-dimensional N = 2 gauged supergravity with vector and hypermultiplets. We do this by first analyzing the BPS flow equation for the hyper scalars, which we didn’t give in [24]. We then use this information to check whether the integrability conditions derived from the gravitini equation associated to curved BPS domain wall solutions are satisfied, and we establish that this is indeed the case.

We then give the energy functional for curved domain wall solutions. Interestingly we find that it isn’t just given in terms of squares of BPS equations and of boundary terms, but that there are also contributions that are linear in the BPS equations as well as an additional term proportional to the warp factor. The latter, whose presence was already noted in [25], is crucial for ensuring that curved solutions to the BPS flow equations also solve the Einstein equations of motion.

We use the energy functional to compute the equations of motion for the vector and the hyper scalars. The resulting equations are complicated. It is not guaranteed that a solution to the BPS flow equations will automatically solve the equations of motion for the scalar fields, as was already pointed out in [26]. This is tied to the presence, in the energy functional, of terms that are linear in the BPS equations. Thus, in order to construct curved BPS domain wall solutions one should proceed as follows. First one solves the flow equations for the warp factor and for the scalar fields. Then one plugs the resulting expressions into the equations of motion for the scalar fields and checks whether they are satisfied. Note that already in the case of flat domain walls the equations of motion yield an additional condition [4] which must be fullfilled by a solution to the BPS flow equations.

We then discuss the RG flow interpretation of curved BPS domain wall solutions. And finally, we give an example of a curved BPS domain wall solution. We explicitly construct such a solution in a gauged supergravity model with one hypermultiplet only, and we check that the equations of motion are satisfied.

– 2 –

2. Five-dimensional curved BPS domain wall solutions

The five-dimensional N = 2 gauged supergravity theories that we consider are in the class constructed in [27], describing the general coupling of n_V vector multiplets and of n_H hypermultiplets to supergravity. The scalar fields ϕ^x (x = 1, . . . , n_V ) of the vector multiplets parametrize a very special manifold. The hypermultiplet scalars q^X , on the other hand, parametrize a quaternionic Kähler geometry determined by 4n_H -beins f^{iA}_X (q^X ), with the SU(2) index i = 1, 2 and the Sp(2n_H ) index A = 1, . . . , 2n_H , raised and lowered by the symplectic metrics ε_{ij} and C_{AB}. We refer to [27] for more details.

The scalar potential in such theories is given by [4]

V = −6 W^2 + 9 2 g^{ΛΣ}∂_ΛW ∂_ΣW + 9 2 W^2(∂_xQ^s)(∂^xQ^s) . (2.1)

Here g_{ΛΣ} denotes the metric of the complete scalar manifold, which is positive definite, involving the scalars of both the vector and the hypermultiplets. W (ϕ, q) and Q^s(ϕ, q) denote the norm and the SU(2) phases, respectively, which appear in the decomposition of the triplet of Killing prepotentials P^s, i.e. P^s = √ 3/2W Q^s with Q^sQ^s = 1. Note that in (2.1), the derivatives acting on the SU(2) phases Q^s are only computed with respect to the scalars of the vector multiplets.

It will be convenient to rewrite (2.1) as follows,

V = −6 W^2 + 9 2 Γ^{−2} g^{xy}∂_xW ∂_yW + 9 2 g^{XY} ∂_X W ∂_Y W , (2.2)

where Γ^{−2}(ϕ, q) = 1 + W^2 g^{xy}(∂_xQ^s)(∂_y Q^s) g^{xy}∂_xW ∂_yW . (2.3)

We are interested in the construction of curved BPS domain wall solutions. These are solutions which are uncharged, which are supported by non-constant scalar fields and which have residual supersymmetry. We take the associated spacetime metric to be given by

ds^2 = e^{2 U(r)}ĝ_{mn}dx^mdx^n + dr^2 , (2.4)

where x^μ = (x^m, r) (with x^m = (t, x, y, z)) and ĝ_{mn} = ĝ_{mn}(x^m). We denote the corresponding tangent space indices by a = (0, 1, 2, 3, 5). The metric ĝ_{mn} is taken to be a fourdimensional constant curvature metric, i.e. R̂_{mn} = −12l^{−2} ĝ_{mn}, with the four-dimensional cosmological constant proportional to l^{−2}. For the solution to be supersymmetric, we must take l to be imaginary [24], which corresponds to a four-dimensional anti-de Sitter spacetime. Since these solutions are uncharged, we set the gauge fields to zero.^1 We allow for a non-trivial dependence of the scalar fields on the coordinate r, and we write ϕ^′ = dϕ/dr, q^′ = dq/dr as well as U^′ = dU/dr. A solution with residual supersymmetry is obtained by requiring that the supersymmetry transformation laws, when evaluated on a given solution, vanish for some combination of the supersymmetry transformation parameters ϵ_i. For solutions with spacetime line

1It can be checked that the equations of motion for the gauge fields are satisfied by these solutions.

– 3 – element (2.4), the appropriate projector condition on the supersymmetry transformation parameters ϵ_i leading to residual supersymmetry is given by [24]

iγ_5ϵ_i = A(r) Q_i^jϵ_j + B(r) M_i^j ϵ_j . (2.5)

Here Q = iQ^sσ^s and M = iM^sσ^s denote SU(2)-valued matrices satisfying Q_i^j Q_j^k = −δ_i^k, M_i^jM_j^k = −δ_i^k (i.e. Q^sQ^s = 1, M^sM^s = 1). Without loss of generality, we take Q and M to be orthogonal in SU(2) space, so that Q^sM^s = 0. The consistency of (2.5) then yields that A^2(r) + B^2(r) = 1 . (2.6)

A curved BPS domain wall solution is supported by a non-trivial warp factor U as well as by non-constant scalar fields. For the solution to be supersymmetric, these various fields have to satisfy a set of so-called BPS flow equations. The flow equation for the warp factor U can be derived as follows [24]. Demanding the vanishing of the gravitini variation δψ_{mi} and inserting (2.5) into it yields

D̂_mϵ_i = i 2 ( U^′ A + gW ) γ_mQ_i^jϵ_j + i 2 U^′Bγ_mM_i^j ϵ_j , (2.7)

whose integrability gives 2U^′ ( U^′ + AgW ) = (U^′)^2 − 4l^{−2}e^{−2U} − g^2W^2 . (2.8)

On the other hand, the integrability of δψ_{μi} also gives rise to

(U^′)^2 − 4l^{−2} e^{−2U} − g^2W^2 = 0 , (2.9)

which yields U^′ = ±γ(r) gW , (2.10)

where γ(r) ≡ √ 1 − 4e^{−2U} |l|^2g^2W^2

. (2.11)

Combining (2.8) and (2.9), however, also gives

U^′ = −AgW . (2.12)

Then, by comparing (2.10) with (2.12) we obtain A as a function of W and of U, namely

A = ∓γ(r) . (2.13)

The flow equations for the scalar fields belonging to the vector multiplets is derived as follows [24]. Demanding the vanishing of the supersymmetry variation of the gaugini subject to (2.5) yields A(r)ϕ^{x ′} = 3g g^{xy}∂_yW (2.14)

as well as B(r)M^sϕ^{x′} = 3 gW g^{xy}∂_yQ^s . (2.15)

– 4 –

Combining (2.14) and (2.15) we obtain A^{−2} = 1 + W^2 g^{xy}(∂_xQ^s)(∂_yQ^s) g^{xy}∂_xW ∂_yW . (2.16) Inspection of (2.3) then gives another expression for A in terms of the scalar fields, namely A = ∓Γ . (2.17) The flow equation for the vector scalars thus reads ϕ^{x ′} = ∓3g Γ^{−1} g^{xy}∂_yW . (2.18) Combining (2.15) and (2.18) yields ∂_xQ^s = ∓BΓ^{−1}W^{−1}∂_xW M^s . (2.19) By squaring (2.19) we precisely obtain (2.3).

Comparing (2.13) with (2.17) yields Γ(ϕ, q) = γ(r) . (2.20) Note that (2.20) only applies if a given gauged supergravity model has vector multiplets, since both the definition (2.3) and the derivation of (2.17) depend on that. For models with vector multiplets, (2.20) constitutes a consistency check on the solution, since Γ(ϕ, q) only depends on the scalar fields, whereas γ(r) is computed from both the warp factor and the scalar fields. We observe that (2.20) is solved by ∂_xQ^s = ∓Bγ^{−1}W^{−1}∂_xW M^s, which is nothing but (2.19). The case of flat domain walls corresponds to γ = 1, B = 0 and hence ∂_xQ^s = 0.

The flow equations (2.10) and (2.18) were also derived in [25] in the context of nonsupersymmetric five-dimensional gravity theories with a single scalar field.

Let us now turn to the flow equation for the scalar fields belonging to the hypermultiplets, which we didn’t analyze in [24]. The vanishing of the hyperini equations, when subjected to (2.5), yields the following flow equation for the hyper scalars, 1 3 g_{XY} q^{Y ′} = gA∂_X W + gW BM^sD_X Q^s , (2.21) which may also be rewritten as [26] g_{XY} q^{Y ′} = 3gΣ_X^Y ∂_Y W , Σ_X^Y = Aδ_X^Y + 2Bε^{rst}M^rQ^sR^t_X^Y , (2.22) where R^t_X^Y denotes the SU(2) curvatures. Moreover, it can be checked that Σ_X^Y g^{XZ} Σ_Z^V = g^{Y V} . (2.23) Then, using (2.22) and (2.23), it follows that g_{XY} q^{X′}q^{Y ′} = 9 g^2g^{XY} ∂_X W ∂_Y W . (2.24)

– 5 –

On the other hand, contracting (2.22) with ∂^X W yields

q^{X′}∂_X W = 3gAg^{XY} ∂_X W ∂_Y W . (2.25)

Comparing (2.24) and (2.25) then gives

g_{XY} q^{X′} q^{Y ′} = 3gA^{−1}q^{X′} ∂_X W = ∓3gγ^{−1}q^{X′} ∂_X W , (2.26)

where we used (2.13). Thus, we observe that the contracted version (2.26) of the flow equation for the hyper scalars has a similar structure as the contracted version of the flow equation for the vector scalars (2.18) given by g_{xy}ϕ^{x ′}ϕ^{y ′} = ∓3g γ^{−1} ϕ^{x ′}∂_xW .

Another useful relation can be obtained as follows. Contracting (2.21) with q^{X′} and using (2.26) yields q^{X′}BM^s D_X Q^s = ∓ (1 − γ^2) γW q^{X′} ∂_X W . (2.27)

Now, by using D_rQ^s = ϕ^{x′} ∂_xQ^s + q^{X′}D_X Q^s and W^′ = ϕ^{x′} ∂_xW + q^{X′}∂_X W as well as (2.19), (2.20) and (2.27), we obtain

BM^s D_rQ^s = ∓

(1 − γ^2) γW W^′ . (2.28)

This concludes our discussion of the derivation of the BPS flow equations for the various fields supporting a curved BPS domain wall.

We proceed to check the various integrability conditions associated to δψ_{μi} = 0. One such condition is given by (2.9). Another is given by [24]

3U^{′′} + 12l^{−2} e^{−2U} = −g_{xy} ϕ^{x′}ϕ^{y′} − 1 2 g_{XY} q^{X′}q^{Y ′} − 9 2 g^2g^{XY} ∂_X W ∂_Y W . (2.29)

By inserting (2.10), (2.18), (2.24) and (2.26) into (2.29) we find that (2.29) is identically satisfied.

As pointed out in [26], there is one more integrability condition that needs to be checked, namely [D_r, D̂_m]ϵ_i = 0. To evaluate this, we use the gravitini variation equation δψ_{ri} = 0 which results in D_rϵ_i = i 2 gW Q_i^jγ_5ϵ_j , (2.30)

where D_rϵ_i = ∂_rϵ_i −q^{X′} ω_{Xi}^jϵ_j . Inserting the projector condition (2.5) into the rhs of (2.30) then yields D_rϵ_i = − 1 2 gW Aϵ_i + 1 2 gW B(QM)_i^jϵ_j . (2.31)

Using (2.7) as well as (2.31) we now evaluate [D_r, D̂_m]ϵ_i = 0 and obtain^2

±γ^′ + BM^s D_rQ^s = B^2gW (2.32)

as well as ±B^′ + γQ^s D_rM^s = −BγgW . (2.33) It is easy to check that (2.32) implies (2.33) and vice-versa. Now, using (2.11) we compute γ^′ = B^2[±gW +^{W ′}_{γW} ]. By inserting this as well as (2.28) into (2.32), we find that (2.32) is

2Our expressions differ from the ones given in [26].

– 6 – identically satisfied. Thus, similarly to the case of flat domain walls, there are no additional requirements on a curved domain wall solution steming from the integrability conditions associated with δψ_{μi} = 0.

Next we derive the energy functional for curved domain wall solutions (2.4). We will subsequently use it to compute the equations of motion for the various fields supporting curved BPS domain walls.

The energy functional E for non-trivial solutions of the form (2.4) may be written as follows. Denoting V_4 = ∫ √ | det ĝ_{mn}|, we can rewrite the bulk action S_{bulk} as follows, E V_4 ∝ S_{bulk} V_4 = ∫ dr e^{4U} [ 1 2 (ϕ^{x′} ± 3Γ^{−1}g∂^xW )^2 + 1 2 (q^{X′} − 3gΣ^{XY} ∂_Y W )^2−

− 6(U^′ ∓ γgW )^2 ] + + 3g ∫ dr e^{4U} [ ∓ϕ^{x′}∂_xW (Γ^{−1} − γ^{−1}) + q^{X′}(Σ_X^Y ∂_Y W ± γ^{−1}∂_X W ) ] ± ± 12 |l|^2 ∫ dr e^{2U} [ U^′ γgW − 1 ] + ∫ dr d dr [ 4e^{4U} U^′ ∓ 3e^{4U} γgW ] ± ± 12 |l|^2 ∫ dr e^{2U} . (2.34)

Thus we see that the energy functional for curved walls is not just given in terms of squares of BPS equations and of total derivatives (as it is the case for flat domain wall solutions [28]), but that there are also contributions that are linear in the BPS equations as well as an additional term (the last term) proportional to the warp factor. The latter, as noted in [25], cannot be rewritten into BPS equations and total derivative terms. Its presence is, however, crucial for ensuring that curved solutions to the BPS flow equations also solve the Einstein equations of motion given by

4U^{′′} + 4(U^′)^2 = −g_{ΛΣ}ϕ^{′Λ}ϕ^{′Σ} − 2 3 g^2V , U^{′′} + 4(U^′)^2 + 12|l|^{−2}e^{−2U} = − 2 3 g^2V . (2.35)

Indeed, varying (2.34) with respect to U yields that δ_U E = 0 when evaluated on a curved BPS solution satisfying (2.10), (2.18), (2.20), (2.22) and (2.26).

Now consider varying (2.34) with respect to a vector scalar field ϕ^x. Demanding that δ_xE = 0 on a curved BPS solution, we obtain ± ( ϕ^{y′}∂_yW ∂_xΓ − γ^′∂_xW ) + γ^2q^{X′} ( Σ_X^Y ∂_x∂_Y W ± γ^{−1}∂_x∂_X W ) = 0 , (2.36)

where we used Γ^′ = γ^′ as well as q^{X′}(∂_xΣ_X^Y )∂_Y W = 0 by virtue of (2.22). On the other hand, varying (2.34) with respect to a hyper scalar q^Z and demanding that δ_Z E = 0 on a curved BPS solution yields

± γ^{−2}ϕ^{x′}∂_xW ∂_Z Γ ∓ 4gγW Σ_Z^Y ∂_Y W − 4gW ∂_Z W + q^{X′}(∂_Z Σ_X^Y )∂_Y W − Σ^′_Z^Y ∂_Y W − − q^{X′} ( Σ_Z^Y ∂_X ∂_Y W − Σ_X^Y ∂_Z ∂_Y W ) − ϕ^{x′} ( ±γ^{−1}∂_Z ∂_xW + Σ_Z^Y ∂_Y ∂_xW ) = 0 . (2.37)

We note that if we contract (2.36) with ϕ^{x′} and (2.37) with γ^2q^{Z′}, and if we use that Σ_X^Y = Σ_X^Y (U, ϕ, q), then the sum of the resulting equations vanishes identically.

– 7 –

It can be checked that (2.36) and (2.37) are indeed nothing but the equations of motion for the scalar fields e^{−4U} ( e^{4U} g_{ΛΣ}ϕ^{′Σ} )_′ − 1 2 (∂_Λg_{ΓΣ}) ϕ^{′Γ}ϕ^{′Σ} = g^2∂_ΛV (2.38)

when evaluated on a curved BPS domain wall solution.

If a given gauged supergravity model contains only hypermultiplets, then (2.36) is trivially satisfied, whereas (2.37) constitutes a consistency check for a given solution to the BPS flow equations (2.10) and (2.22). If, on the other hand, a gauged supergravity model contains vector multiplets (with or without hypermultiplets), then (2.36) and (2.37) may be viewed as equations which determine the second derivatives ∂_x∂_yQ^s and ∂_x∂_X Q^s through ∂_xΓ and ∂_X Γ. These expressions will then have to agree with the ones obtained by inserting a solution to the BPS flow equations into ∂_xΓ and ∂_X Γ. Otherwise a solution to the BPS flow equations will not solve the equations of motion for the scalar fields. In the case of flat domain walls it follows from (2.36) and (2.37) that ∂_xΓ = ∂_X Γ = 0, which is in accordance with ∂_xQ^s = 0 as derived from (2.19).

3. Curved BPS domain walls and RG flow

Let us briefly summarise the properties of curved BPS domain wall solutions that we have constructed. The BPS flow equations for the warp factor and for the scalar fields are given by U^′ = ±γgW , ϕ^{x ′} = ∓3g γ^{−1} g^{xy}∂_yW , q^{X′} = 3g g^{XY} Σ_Y^Z ∂_Z W , (3.1)

where γ(r) = √ 1 − 4|l|^{−2}(e^U gW )^{−2} and where Σ_X^Y = Aδ_X^Y + 2Bε^{rst}M^rQ^sR^t_X^Y . Here A = ∓γ, A^2 + B^2 = 1, and Σ_X^Y satisfies Σ_X^Y g^{XZ} Σ_Z^V = g^{Y V} . In the case that a given gauged supergravity model contains vector multiplets, a solution to the BPS flow equations (3.1) will also have to satisfy the following consistency condition due to supersymmetry, Γ(ϕ, q) = γ(r) , (3.2)

or equivalently, ∂_xQ^s = ∓Bγ^{−1}W^{−1}∂_xW M^s . (3.3)

If a gauged supergravity model contains only hypermultiplets, then this consistency condition is absent.

It is not guaranteed that a solution to the BPS flow equations (3.1) will also automatically solve the scalar equations of motion (2.36) and (2.37). Thus, in order to construct a curved BPS domain wall solution one should proceed as follows. First one constructs a solution to the BPS flow equations (3.1). In the presence of hypermultiplets, this requires choosing a triplet M^s such that M^sQ^s = 0, M^sM^s = 1. It may be that in order to explicitly construct a solution to (3.1), one has to expand γ and Σ_X^Y in powers of |l|^{−1} and

– 8 – solve the flow equations iteratively as a power series in |l|^{−1}. Then one checks whether the consistency condition (3.3) is met by this solution (this only applies to models which include vector multiplets). If so, then one finally checks the scalar equations of motion (2.36) and (2.37). If they are satisfied, one has managed to construct a curved BPS domain wall solution.

Observe that, on a solution to the BPS flow equations (3.1), the potential (2.2) may be written in a more symmetric way, namely as

V = −6 W^2 + 9 2 γ^{−2} g^{xy}∂_xW ∂_yW + 9 2 Σ_Z^X g^{ZV} Σ_V^Y ∂_X W ∂_Y W

= −6 W^2 + 1 2 g_{xy} ϕ^{x′}ϕ^{y′} + 1 2 g_{XY} q^{X′}q^{Y ′} . (3.4)

Let us now turn to the RG flow interpretation of a curved BPS domain wall solution. In the case of flat domain walls with line element ds^2 = e^{2U} η_{mn}dx^mdx^n + dr^2, the renormalisation group scale μ of the dual field theory is usually identified with μ = e^U [2], where 0 < μ < ∞. The field theory UV region (U → ∞, μ → ∞) is identified with r → ∞. This identification amounts to choosing the upper sign in the flow equations (3.1). A flow towards the infrared in field theory (U → −∞ , μ → 0) then corresponds to a a flow towards smaller values of r.

In the case of curved domain walls, we again identify e^U with the renormalisation group scale μ of the dual field theory, μ = e^U . Now, however, it may happen that U cannot run anylonger over the whole range −∞ < U < ∞. This is tied to the fact that γ, which can have a value between 0 ≤ γ ≤ 1, becomes vanishing whenever e^U =^2_{|l|} (gW )^{−1}. Since both W and U are functions of r, this will happen at specific values of r. In order to discuss the various possibilities, let us introduce T = (e^U gW )^{−1} and Λ^2 = 4|l|^{−2}, so that γ(r) = √ 1 − Λ^2T^2(r). Let us then consider deforming a flat domain wall solution (which has γ = 1) by turning on Λ^2 (which corresponds to turning on curvature on the domain wall). There are then two possibilities which we will now discuss.

The first possibility consists in the following. When turning on a small amount Λ^2, γ(r) remains non vanishing along the flow. That is, for small values of Λ^2, T^2(r) has the property that T^2(r) < Λ^{−2} along the curved solution. This curved solution exists over the whole range of r. Then, when increasing Λ^2, there will be a critical value Λ^2_c at which T^2(r_c) = Λ^{−2}_c , i.e. γ(r_c) = 0 at a certain position r = r_c. At this critical value of Λ^2, there is yet no obstruction in constructing a curved solution over the whole range of r. Now let us continue to increase the value of Λ^2 (corresponding to a large amount of curvature on the wall). Then T^2(r) > Λ^{−2} in a certain region of r, i.e. γ becomes imaginary in that region. This region will be delimited by the zeros of γ. In this region there is no real solution to the curved BPS equations. The curved domain wall solution can only be constructed outside the region where γ is becoming imaginary. The associated warp factor will now only cover part of the range −∞ < U < ∞. As we continue to increase the value of Λ^2, the forbidden region becomes larger and larger, and the region where the solution exists smaller and smaller. An example of a curved domain wall solution exhibiting these features will be given in section 4.

– 9 –

The second possibility is the following. In contrast to the one discussed above, now, as soon as one turns on a small amount of curvature on the wall, γ develops a zero somewhere, i.e. γ(r_{IR}) = 0 at T^2(r_{IR}) = Λ^{−2}. Let us assume that T (r) is a monotonic function. Then the value r_{IR} delimits two regions. In the range r_{IR} ≤ r < ∞, γ has the property that γ ≥ 0, whereas for values r < r_{IR} γ becomes imaginary. A real solution to the curved BPS equations then only exists in the range r_{IR} ≤ r < ∞. The warp factor U runs over the range U_{IR} ≤ U < ∞, with U_{IR} determined by U_{IR} = log[Λ(gW (r_{IR}))^{−1}]. Thus, by identifying e^U with an RG energy scale μ, we see that a non-vanishing four-dimensional cosmological constant Λ^2 acts as an infrared cutoff in the field theory, i.e. μ_{IR} = e^{UIR} ≤ μ < ∞. A curved domain wall then provides a dual gravitational description of an RG flow in a field theory on an AdS_4 space, with its curvature acting as an infrared regulator [20]. Observe that, as Λ → ∞, μ_{IR} → ∞ (provided that W remains finite). Cranking up the curvature on the domain wall thus pushes the infrared regulator towards the UV region.

Let us now proceed and show that a c-function also exists for curved BPS domain wall solutions. Using the flow equations (3.1) as well as (2.26) we compute

U^{′′} − 4|l|^{−2}e^{−2U} = γ^{−1}W^′ = −3g^{ΛΣ}∂_ΛW ∂_ΣW − 3(γ^{−2} − 1) g^{xy}∂_xW ∂_yW ≤ 0 , (3.5)

where Λ, Σ run both over the vector and the hyper scalars. Hence we conclude that W is non decreasing along the flow towards smaller values of r. We also note that the lhs of (3.5) is nothing but^1_3 (R_r^r − R_t^t), which equals^1_3 (T_r^r − T_t^t) through the Einstein equations [2]. Equation (3.5) then translates into T_r^r − T_t^t ≤ 0, which yields the weaker positive energy condition [2]. Thus, in the presence of a four-dimensional cosmological constant on the wall, C(r) ∝ W^{−3} continues to play the role of a c-function, i.e. of a function that is non increasing along the flow towards the infrared [29, 2].

Using the above gravitational description of an RG flow, the associated beta-functions are given by β^Λ = μ ∂ϕ^Λ ∂μ = γ^{−1}W^{−1}ϕ^{′Λ} , (3.6)

where Λ runs over both the vector and the hyper scalars. The field theory has a conformal fixed point whenever ϕ^{′Λ} = 0. Inspection of (3.1) then shows that ∂_xW = ∂_X W = 0 at a fixed point. Near a fixed point ϕ^Λ_{fix} we can write the BPS flow equations (3.1) for the scalar fields as (δϕ^Λ)^′ = M^Λ_Σ δϕ^Σ, where δϕ^Σ = ϕ^Σ − ϕ^Σ_{fix}. Here M^Λ_Σ denotes a constant matrix with finite eigenvalues. Hence we conclude that a fixed point ϕ^Λ_{fix} may only be reached as |r| → ∞. For fixed scalars, the curved BPS flow equation for U can be solved, resulting in e^U = Λ(gW )^{−1} cosh(gW (r − r_0)) [25]. As |r| → ∞ we then obtain that e^U → ∞. Hence we conclude that for curved domain walls the fixed points can only be approached in UV-like directions (μ = e^U → ∞, γ → 1). This is in accordance with the expectation that turning on a cosmological constant on the wall does not affect the fixed-point behaviour of the dual field theory in the UV. On the other hand, as γ → 0, we see from (3.6) and (3.1) that in general (some of) the beta-functions will blow up.

Finally, let us briefly comment on the energy functional (2.34). When computing it on a curved BPS domain wall solution, one finds that the boundary terms as well as the last term in (2.34) are divergent at r = ∞. In the case that there is a fixed point

– 10 – there, i.e. W = constant and U = gW r at r = ∞, these divergences may be removed by boundary counterterms of the form W √ | det g_{mn}| and W^{−1} √ | det g_{mn}|R, where R denotes the intrinsic curvature tensor computed from the induced metric g_{mn} = e^{2U} ĝ_{mn} [30, 31].

4. An example

Let us now explicitly construct a curved domain wall solution in a specific gauged supergravity model based on the coupling of the universal hypermultiplet to supergravity. The associated quaternionic Kähler space is given by^{SU(2,1)}_{SU(2)×U(1)} . This space can be parametrized by the four hyper scalars q^X = (V, σ, θ, τ), and in this parametrization its metric is given by ds^2 =^1_2 V^{−2}dV^2 +^1_2 V^{−2}(dσ −2τdθ +2θdτ)^2 +2V^{−1}(dθ^2 +dτ^2). We perform the gauging of the isometry associated with the U(1) transformation C → e^{iϕ}C, where C = θ −iτ. This U(1) is part of the isotropy group of the quaternionic manifold and therefore its gauging gives rise to a W with a critical point [4]. The associated triplet of Killing prepotentials P^s is given by [4]

P^s = √ 6 ( − θ √ V , − τ √ V , 1 2 − θ^2 + τ^2 2V ) . (4.1)

Then W = 1 +^{θ2+τ 2}_V and

Q^s = ( − 2 √ V θ V + (θ^2 + τ^2) , − 2 √ V τ V + (θ^2 + τ^2) , V − (θ^2 + τ^2) V + (θ^2 + τ^2) ) . (4.2)

Observe that W has a critical point at θ = τ = 0 (∂_X W = 0).

In the flat case (γ = 1, B = 0), a solution to the BPS flow equations (3.1) is given by

σ_0 = θ_0 = 0 , τ_0 = √ 1 − V_0 , V_0 = 1 − e^{−6r} , U_0 = 1 6 log(e^{6r} − 1) , (4.3)

where we set g = 1 and where we picked the upper sign in (3.1). The above trivially satisfies the equations of motion (2.37) for the hyper scalars. We note that this flat solution is supported by one hyper scalar field, since V_0 +τ^2_0 = 1. This solution possesses a fixed-point at r → ∞ where U_0 → r, and a curvature singularity at r = 0 where U_0 ≈ (6r)^{1/6}. The range of r is thus restricted to 0 < r < ∞.

Now consider perturbing this flat domain wall solution by turning on curvature on the domain wall. In order to solve the curved BPS flow equations (3.1), we need to specify the triplet M^s which enters the definition of Σ_X^Y . Let us introduce the vector ⃗ω = ( 0, Q^3 √ (Q^2)^2 + (Q^3)^2 , − Q^2 √ (Q^2)^2 + (Q^3)^2 ) , (4.4)

which satisfies ⃗ω · ⃗ω = 1 and ⃗ω · ⃗Q = 0. We then take ⃗M to be given by ⃗M = ⃗ω. For this choice of ⃗M, we can consistently truncate the model by setting σ = θ = 0. In doing so, not only do we find that the BPS equations for σ and θ are automatically solved, but also the equations of motion (2.37) for all the hyper scalars are identically satisfied (to all orders in |l|^{−1})!

– 11 –

Having thus checked the equations of motion, we return to the curved BPS flow equations for the remaining fields U, V and τ, which are given by

U^′ = γ (1 + f) V^{−1} ,

V^′ = 6γ (1 + f − V ) + 12|l|^{−1} e^{−U} √ 1 + f − V V^{3/2} 1 + f , f^′ = 12|l|^{−1} e^{−U} √ 1 + f − V √ V , (4.5)

where we set τ = √ 1 + f − V . Then, introducing the combinations

T = e^{−U} V (1 + f)^{−1} , h = V (1 + f)^{−1} , (4.6)

we obtain that γ = √ 1 − 4|l|^{−2}T^2 as well as T^′ = γ T (5h^{−1} − 6) and h^′ = 6γ (1 − h). From these equations we infer that T^′ T = h^′ (5 − 6h) 6h(1 − h) . (4.7)

Integrating (4.7) yields T = h^{5/6}(1 − h)^{1/6} , (4.8)

where we fixed the integration constant by demanding that (4.8) reduces to the appropriate expression for the flat solution (4.3). Thus we obtain that

e^{−U} = T h = ( h^{−1} − 1 )_{1/6} , (4.9)

where h(r) satisfies the following differential equation by virtue of the various relations derived above: h^′ = 6(1 − h) √ 1 − 4|l|^{−2} h^{5/3}(1 − h)^{1/3} . (4.10)

The differential equation for f may be rewritten as follows:

(log(1 + f))^′ = 12|l|^{−1}h^{1/3}(1 − h)^{2/3} . (4.11)

Equations (4.9)–(4.11) determine the curved BPS domain wall solution to all orders in the cosmological constant. The function h(r) can be obtained by numerical integration of (4.10). Inserting it into (4.9) and (4.11) then yields U(r), f(r) as well as V (r) = h(r)(1+ f(r)) and τ(r) = √ (1 − h(r))(1 + f(r)). Thus, in contrast to the flat solution (4.3), the curved solution is supported by two hyper scalar fields.

Inspection of the relation T^6 = h^5(1 − h) shows that h(r) has the range 0 ≤ h ≤ 1. From h^′ = 6γ (1 − h) we then infer that h(r) is a monotonic function in r, and hence also e^{U(r)}. The curved solution possesses the same fixed point and singularity structure as the flat solution (4.3). Namely, the point h = 1 corresponds to f = const, V = const, τ = 0, e^U = ∞, and hence to a fixed point at r = ∞. The point h = 0, on the other hand, corresponds to a curvature singularity at r = 0, where h ≈ 6r and U ≈ (6r)^{1/6}. Observe that γ = 1 at both h = 0 and h = 1.

– 12 –

Figure 1: Left: T^2(h). Right: T^2(r) for the value Λ = 1.

Figure 2: h(r) (left) and f(r) (right) for the value Λ = 1.

Figure 3: e^{U(r)} for the value Λ = 1.

Using (4.8), we can plot T^2 over h. We see that T^2 has a maximum whose value doesn’t exceed 0.41 (see figure 1). Hence it follows that for a small value of Λ^2 = 4|l|^{−2} the function γ = √ 1 − Λ^2T^2 is positive, γ > 0, and the curved BPS solution exists for the entire range 0 < r < ∞. It can be obtained by numerical integration of (4.10) and (4.11). In figures 1, 2 and 3 we have plotted T^2(r), h(r), f(r) and e^{U(r)} for the value Λ = 1.

When increasing the value of Λ^2, there is a critical value Λ^2_c at which Λ^{−2}_c equals the maximum of T^2(h) (T^2_{max} = Λ^{−2}_c ). Thus there is a particular point r = r_c where γ(r_c) = 0. Since γ(r) ≥ 0 over the range 0 < r < ∞, there is yet no obstruction to having a curved solution over the entire range of r. However, when continuing to increase the value of Λ^2

– 13 –

Λ^{−2}

Figure 4: The two real solutions of h^5 − h^6 = Λ^{−6} occur where the horizontal line Λ^{−2} intersects T^2(h).

(Λ^2 > Λ^2_c ), the maximum of T^2(h) becomes much larger than Λ^{−2}. Then γ develops two zeros determined by the two real solutions of the equation h^5 −h^6 = Λ^{−6} (see figure 4). Let us denote these two solutions by h_I and h_{II} , where h_I < h_{II} . They occur at two specific values for r, r_I and r_{II} , with r_I < r_{II} . Thus, in the region h_I < h < h_{II} (corresponding to r_I < r < r_{II} ) γ is imaginary, and there does not exist a real curved solution to the BPS flow equations. The curved domain wall solution only exists in the regions 0 < h ≤ h_I and h_{II} ≤ h < 1 corresponding to 0 < r ≤ r_I and r_{II} ≤ r < ∞, respectively.

The curved BPS solution constructed above made use of a specific choice for ⃗M, namely ⃗M = ⃗ω. In principle there may exist other choices for ⃗M which also lead to curved BPS solutions. Let us now pick a more general ⃗M, namely ⃗M = c(r)⃗ω + √ 1 − c^2(r) ⃗ω × ⃗Q. When evaluated on the flat solution (4.3), ⃗M is given by ⃗M = (√ 1 − c^2(r), c(r) (−1 + 2V_0), 2c(r) √ 1 − V_0 √ V_0 ) . (4.12)

For this more general ⃗M, and in contrast with the previous choice, we are only able to construct the curved domain wall solution order by order in |l|^{−1}. To be specific, let us then determine the lowest order modification of the flat solution. Since B = 2|l|^{−1}e^{−U} W^{−1}, the lowest order modification is of order |l|^{−1}. At this order, B = 2|l|^{−1}e^{−U0} V_0 and γ = 1. We now determine the proportionality function c(r) by demanding that the equations of motion (2.37) for the hyper scalars be satisfied to order |l|^{−1}. Observe that we may then use the flat domain wall solution in (2.37), since to order |l|^{−1} each term comes explicitly multiplied by |l|^{−1}. We find that to order |l|^{−1} all terms in (2.37) cancel out provided that c is constant!

Having determined M^s to order |l|^{−1}, we now turn to the BPS flow equations (3.1). We again set τ = √ 1 + f − V . Expanding V and U as V = V_0 + V_1 and U = U_0 + U_1, we find that to order |l|^{−1} the BPS flow equations are solved by

U_1 = 0 , V_1 = −c |l|^{−1}(1 − e^{−6r}) H(r) , σ = √ 1 − c^2 |l|^{−1}H(r) , θ = 1 2 √ 1 − c^2 |l|^{−1}e^{−3r} H(r) , f = −c |l|^{−1}H(r) , (4.13) where H(r) = 2e^{−4r}(1 − e^{−6r})^{1/3} + e^{−4r}_2F_1 ( 2 3 , 2 3 , 5 3 , e^{−6r} ) , (4.14)

– 14 – and where we set various integration constants to zero. Thus, to lowest order in |l|^{−1}, (4.13) (together with (4.3)) describes a curved domain wall solution that solves both the BPS flow equations and the equations of motion. This curved solution is supported by at least two hyper scalar fields. In the case that c = 1, the curved solution (4.13) is in agreement with (4.9)–(4.11) when expanded to lowest order in |l|^{−1}.

As a further application of our results, it would be interesting to construct a curved version of the flow discussed in [4]. This flow, which is an N = 2 version of the FGPW flow [2], is described by a flat wall which is supported by one vector scalar and one hyper scalar. We observe that the triplet M^s, which is necessary for the construction of the curved wall, can now be determined via (3.3). Yet another interesting application would be to construct a curved version of the GPPZ flow [6]. We hope to return to these issues in the future.

Acknowledgments

We would like to thank L. Alvarez-Gaumé, K. Behrndt, G. Curio and M. Strassler for valuable discussions. This work is supported in part by the DFG and in part by the European Community’s Human Potential Programme under contract HPRN-CT-2000-00131 Quantum Spacetime. G. Dall’Agata acknowledges the financial support provided through the European Community’s Human Potential Programme under contract HPRN-CT-2000- 00131 Quantum Spacetime.

References

[1] H.J. Boonstra, K. Skenderis and P.K. Townsend, The domain wall/QFT correspondence, J.

High Energy Phys. 01 (1999) 003 [hep-th/9807137].

[2] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Renormalization group flows from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363 [hep-th/9904017].

[3] A. Karch, D. Lüst and A. Miemiec, New N = 1 superconformal field theories and their supergravity description, Phys. Lett. B 454 (1999) 265 [hep-th/9901041].

[4] A. Ceresole, G. Dall’Agata, R. Kallosh and A. Van Proeyen, Hypermultiplets, domain walls and supersymmetric attractors, Phys. Rev. D 64 (2001) 104006 [hep-th/0104056].

[5] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, Heterotic M-theory in five dimensions, Nucl. Phys. B 552 (1999) 246 [hep-th/9806051].

[6] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, The supergravity dual of N = 1 super Yang-Mills theory, Nucl. Phys. B 569 (2000) 451 [hep-th/9909047].

[7] K. Behrndt and M. Cvetič, Supersymmetric domain wall world from D = 5 simple gauged supergravity, Phys. Lett. B 475 (2000) 253 [hep-th/9909058].

[8] R. Kallosh and A.D. Linde, Supersymmetry and the brane world, J. High Energy Phys. 02 (2000) 005 [hep-th/0001071].

[9] K. Behrndt and S. Gukov, Domain walls and superpotentials from M-theory on Calabi-Yau three-folds, Nucl. Phys. B 580 (2000) 225 [hep-th/0001082].

– 15 –

[10] K. Behrndt and M. Cvetič, Anti-de Sitter vacua of gauged supergravities with 8 supercharges, Phys. Rev. D 61 (2000) 101901 [hep-th/0001159].

[11] K. Behrndt, C. Herrmann, J. Louis and S. Thomas, Domain walls in five dimensional supergravity with non-trivial hypermultiplets, J. High Energy Phys. 01 (2001) 011 [hep-th/0008112].

[12] K. Behrndt, S. Gukov and M. Shmakova, Domain walls, black holes and supersymmetric quantum mechanics, Nucl. Phys. B 601 (2001) 49 [hep-th/0101119].

[13] A.H. Chamseddine and W.A. Sabra, Curved domain walls of five dimensional gauged supergravity, hep-th/0105207.

[14] K. Behrndt and G. Dall’Agata, Vacua of N = 2 gauged supergravity derived from non-homogenous quaternionic spaces, Nucl. Phys. B 627 (2002) 357 [hep-th/0112136].

[15] A. Karch and L. Randall, Locally localized gravity, J. High Energy Phys. 05 (2001) 008 [hep-th/0011156].

[16] A. Karch and L. Randall, Localized gravity in string theory, Phys. Rev. Lett. 87 (2001) 061601 [hep-th/0105108].

[17] A. Karch and L. Randall, Open and closed string interpretation of SUSY CFT’s on branes with boundaries, J. High Energy Phys. 06 (2001) 063 [hep-th/0105132].

[18] O. DeWolfe, D.Z. Freedman and H. Ooguri, Holography and defect conformal field theories,

hep-th/0111135.

[19] R. Bousso and L. Randall, Holographic domains of anti-de Sitter space, hep-th/0112080.

[20] C.G. Callan Jr. and F. Wilczek, Infrared behavior at negative curvature, Nucl. Phys. B 340 (1990) 366.

[21] E. Kiritsis and C. Kounnas, Curved four-dimensional space-times as infrared regulator in superstring theories, Nucl. Phys. 41 (Proc. Suppl.) (1995) 331 [hep-th/9410212].

[22] K. Behrndt, G. Lopes Cardoso and D. Lüst, Curved BPS domain wall solutions in four-dimensional N = 2 supergravity, Nucl. Phys. B 607 (2001) 391 [hep-th/0102128].

[23] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[24] G. Lopes Cardoso, G. Dall’Agata and D. Lüst, de Sitter BPS domain wall solutions in fourand five-dimensional gauged supergravity, J. High Energy Phys. 07 (2001) 026 [hep-th/0104156].

[25] O. DeWolfe, D.Z. Freedman, S.S. Gubser and A. Karch, Modeling the fifth dimension with scalars and gravity, Phys. Rev. D 62 (2000) 046008 [hep-th/9909134].

[26] A.H. Chamseddine and W.A. Sabra, Einstein brane-worlds in 5d gauged supergravity, Phys.

Lett. B 517 (2001) 184 [hep-th/0106092].

[27] A. Ceresole and G. Dall’Agata, General matter coupled N = 2, D = 5 gauged supergravity, Nucl. Phys. B 585 (2000) 143 [hep-th/0004111].

[28] K. Skenderis and P.K. Townsend, Gravitational stability and renormalization-group flow, Phys. Lett. B 468 (1999) 46 [hep-th/9909070].

– 16 –

[29] E. Alvarez and C. Gomez, Geometric holography, the renormalization group and the c-theorem, Nucl. Phys. B 541 (1999) 441 [hep-th/9807226].

[30] M. Henningson and K. Skenderis, The holographic Weyl anomaly, J. High Energy Phys. 07 (1998) 023 [hep-th/9806087].

[31] V. Balasubramanian and P. Kraus, A stress tensor for anti-de Sitter gravity, Commun. Math.

Phys. 208 (1999) 413 [hep-th/9902121].

– 17 –